Abstract. We find conditions on the local cohomology modules of multi-Rees algebras of admissible filtrations which enable us to predict joint reduction numbers. As a consequence we are able to prove a generalisation of a result of Reid-Roberts-Vitulli in the setting of analytically unramified local rings for completeness of power products of complete ideals.
Introduction
The objective of this paper is to find suitable conditions on the local cohomology modules of multi-Rees algebras and associated graded rings of multigraded admissible filtrations of ideals in an analytically unramified local ring (R, m) and apply these to detect their joint reduction vectors and completeness of products of complete ideals.
Recall that if R is a commutative ring and I is an ideal of R then a ∈ R is called integral over I, if a is a root of a monic polynomial x n + a 1 x n−1 + · · · + a n−1 x + a n for some a i ∈ I i for i = 1, 2, . . . , n. The integral closure of I, denoted by I, is the set of all elements of R which are integral over I. If I = I, then I is called complete or integrally closed. O. Zariski [15] proved that product of complete ideals is complete in the polynomial ring k[x, y] where k is an algebraically closed field of characteristic zero.
This was generalised to two-dimensional regular local rings in Appendix 5 of [16] . This result is known as Zariski's Product Theorem. C. Huneke [6] showed that product of complete ideals is not complete in higher dimensional regular local rings. Since the appearance of this counterexample of Huneke, several results have appeared in the literature which identify classes of complete ideals in local rings of dimension at least 3 whose products are complete. The following result due to L. Reid, L. G. Roberts and M. A. Vitulli [13, Proposition 3 .1] about complete monomial ideals is rather surprising: Theorem 1.1. Let R = k[X 1 , . . . , X d ] be a polynomial ring of dimension d ≥ 1 over a field k. Let I be a monomial ideal of R so that I n is complete for all 1 ≤ n ≤ d − 1. Then I n is complete for all n ≥ 1.
This can be thought of as a partial generalisation of the Zariski's Product Theorem for d = 2. This theorem was proved using tools from convex geometry. In this paper, we approach this result using Keywords: multigraded filtrations, joint reductions, multi-Rees algebra, complete ideals, local cohomology modules.
The first author is supported by CSIR Fellowship of Government of India. n is complete for all n ∈ N s such that 1 ≤ |n| ≤ d − 1. Then I n is complete for all n ∈ N s with |n| ≥ 1.
We prove the above result as a consequence of a more general result for complete ideals in analytically unramified local rings. In order to state this and other results proved in this paper, we recall certain definitions and set up notation.
Throughout this paper, (R, m) denotes a Noetherian local ring of dimension d with infinite residue field.
Let I 1 , . . . , I s be m-primary ideals of R and we denote the collection of these ideals (I 1 , . . . , I s ) by I.
For s ≥ 1, we put e = (1, . . . , 1), 0 = (0, . . . , 0) ∈ Z s and for all i = 1, . . . , s, e i = (0, . . . , 1, . . . , 0) ∈ Z s where 1 occurs at ith position. For n = (n 1 , . . . , n s ) ∈ Z s , we write I n = I n 1 1 · · · I ns s and n + = (n + 1 , . . . , n + s ) where n
By the phrase "for all large n", we mean n ∈ N s and n i ≫ 0 for all i = 1, . . . , s.
Let t 1 , . . . , t s be indeterminates. For n ∈ Z s , we put t n = t n 1 1 · · · t ns s and denote the N s -graded Rees ring of F by R(F) = n∈N s F(n)t n and the Z s -graded extended Rees ring of F by R ′ (F) = n∈Z s F(n)t n . For an N s -graded ring S = n≥0 S n , we denote the ideal n≥e S n by S ++ . Let G(F) = n∈N s F(n)/F(n + e) be the associated multigraded ring of F with respect to F(e). For F =
The principal examples of admissible filtrations with which we are concerned in this paper are (i) the I-adic filtration {I n } n∈Z s in a Noetherian local ring and (ii) the integral closure filtration {I n } n∈Z s in an analytically unramified local ring. It is proved in [10, Proposition 2.5] that if F = {F(n)} n∈Z s is an I-admissible filtration of ideals in R then R(F) is a finitely generated R(I)-module.
Recall that an ideal J contained in an ideal I is called a reduction of I if JI n = I n+1 for all large n.
The role that reductions of ideals play in the study of Hilbert-Samuel functions of m-primary ideals, is played by joint reductions, introduced by D. Rees in [12] , of a sequence of m-primary ideals I 1 , . . . , I s to study the multigraded Hilbert-Samuel function H(I, n) = λ(R/I n ). Let q = (q 1 , q 2 , . . . , q s ) ∈ N s and |q| = d ≥ 1. A set of elements {a ij ∈ I i | i = 1, 2, . . . , s; j = 1, 2, . . . , q i } is called a joint reduction of the set of ideals (I 1 , . . . , I s ) of type q if there exists an m ∈ N s so that for all n ≥ m ∈ N s ,
The vector m is called a joint reduction vector. We estimate joint reduction vectors using local cohomology modules of multi-Rees rings. In order to achieve this we need to work with joint reductions in a more general setting. D. Kirby and Rees [9] generalised it further in the setting of multigraded rings and modules which we recall next. 
generating an ideal J of R irrelevant with respect to M, i.e. (JM ) n = M n for all large n.
Kirby and Rees [9] proved existence of joint reduction of type q of R with respect to M if |q| ≥ dim M mM + 1 and the residue field R 0 /m is infinite. Here dim R is defined to be max(ht P ) where P ranges over the relevant prime ideals of R if R is not trivial and
Let (R, m) be a Noetherian local ring of dimension d ≥ 1, I 1 , . . . , I s be m-primary ideals of R and
. . , s} is called a joint reduction of F of type q if the set {a ij t i ∈ R(I) e i : j = 1, . . . , q i ; i = 1, . . . , s} is a joint reduction of type q of R(I) with respect to R(F), i.e. the following equality holds for all n ≥ m for some m ∈ N s :
The vector m is called a joint reduction vector of F with respect to the joint reduction A q (F).
Let I, J be m-primary ideals in a Noetherian local ring (R, m) of dimension d ≥ 2, µ, λ ≥ 1 and
Hyry defined the joint reduction number of F with respect to A(µ, λ) to be the smallest integer n satisfying
We adapt this definition to define joint reduction number for multigraded filtrations.
The joint reduction number of F with respect to a joint reduction A q (F) = {a ij ∈ I i : j = 1, . . . , q i ; i = 1, . . . , s} is the smallest integer n ∈ N, denoted by jr Aq (F), such that for all n ∈ N s ,
We define the joint reduction number of F of type q to be M n be a finitely generated Z s -graded R-module. Definition 1.9. Let m ∈ Z s . We say that the module M satisfies Hyry's condition
Suppose R e i = 0 for all i = 1, . . . , s. Let M be the maximal homogeneous ideal of R, for each i = 1, . . . , s, M i be the ideal of R generated by R e i and R ++ = i M i .
Let I be any subset of {1, . . . , s} and J be a non-empty subset of {1, . . . , s}. Then for disjoint I and
We prove a multigraded version of the above result due to
Hyry. M n be a finitely generated N s -graded R-module.
Let I be any subset of {1, . . . , s} and J be a non-empty subset of {1, . . . , s} such that I and J are
In order to detect joint reduction vectors of multigraded admissible filtrations, we use the theory of filter-regular sequences for multigraded modules. , . . . , a * s1 , . . . , a * sqs is a G(F)-filterregular sequence where a * ij is the image of a ij in G(I) e i for all j = 1, . . . , q i and i = 1, . . . , s. Then
We can now state the main theorem of this paper which gives a generalisation of Reid-RobertsVitulli Theorem for zero-dimensional monomial ideals. Theorem 1.13. Let (R, m) be an analytically unramified Noetherian local ring of dimension d ≥ 2 and
We prove that if R(I) is Cohen-Macaulay then it satisfies Hyry's condition H R(I) (R(I), 0). By is Cohen-Macaulay if I consists of monomial ideals in a polynomial ring over a field.
Existence of joint reductions consisting of filter-regular sequences
Let R = n∈N s R n be a standard Noetherian N s -graded ring defined over an Artinian local ring
M n be a finitely generated N s -graded R-module. Let Proj s (R) denote the set of all homogeneous prime ideals P in R such that R ++ P and
there exists a numerical polynomial P M ∈ Q[X 1 , . . . , X s ] of total degree dim M ∆ − 1 of the form
for all large n and e α (M ) ≥ 0 for all α ∈ N s such that
R n be a standard Noetherian N s -graded ring defined over a local ring
M n be a finitely generated N s -graded R-module
If R e i = 0 then there exists a ∈ R e i such that a is M -filter-regular.
Let a i be the ideal of R generated by R e i . Therefore for all j = 1, . . . , k, P j a i . Consider the R 0 /mvector space R e i /mR e i . Then for each j = 1, . . . , k,
M n be a finitely generated N s -graded R-module. Let a i ∈ R e i be an M -filter-regular element. Then for all large n,
and hence for all
Proof. Consider the exact sequence of R-modules
Since a i is M -filter-regular, for all large n, we get
and hence for all a 1q 1 , . . . , a s1 , . . . , a sqs is an M -filter-regular sequence and for all large n,
Proof. We use induction on dim M ∆ = l. Let l = 1. Then by Proposition 2.1, for each i = 1, . . . , s,
there exists a i ∈ R e i such that a i is M -filter-regular. Since l = 1, P M (n) is polynomial of total degree zero. Therefore by Proposition 2.2, λ R 0 (M n /a i M n−e i ) = 0 for all large n and hence we get the required result. Suppose l ≥ 2 and the result is true for all finitely generated N s -graded R-module
Since e α (M ) > 0 for all α ∈ N s such that |α| = dim M ∆ − 1, by Proposition 2. such that |q| = d. Then there exists a joint reduction {a ij ∈ I i : j = 1, . . . , q i ; i = 1, . . . , s} of F of type q such that a * 11 , . . . , a * 1q 1 , . . . , a * s1 , . . . , a * sqs is a G(F)-filter-regular sequence where a * ij is the image of a ij in G(I) e i for all j = 1, . . . , q i and i = 1, . . . , s.
Proof. Since F is an I-admissible filtration, G(F) is finitely generated G(I)-module. By [12, Theorem 2.4], there exists a polynomial
such that for all large n, P F (n) = λ R (R/F(n)) , e α (F) ∈ Z and e α (F) > 0 for all α ∈ N s where
is a numerical polynomial in Q[X 1 , . . . , X s ] of total degree d−1 for all large n and e β (G(F)) > 0 for all β ∈ N s where |β| = d − 1. Therefore by Theorem 2.3, there exist a i1 , . . . , a iq i ∈ I i for all i = 1, . . . , s, such that a * 11 , . . . , a * 1q 1 , . . . , a * s1 , . . . , a * sqs is a G(F)-filter-regular sequence where a * ij = a ij + I e+e i ∈ G(I) e i for all j = 1, . . . , q i , i = 1, . . . , s and
n−e i for all large n. Hence
a ij F(n − e i ) + F(n + e) for all large n.
Since F is an I-admissible filtration, by [12] , for each i = 1, . . . , s, there exist an integer r i such that for all n ∈ Z s , where n i ≥ r i , F(n + e i ) = I i F(n), Hence for all large n, we get
Thus by Nakayama's Lemma, for all large n,
Vanishing of Local cohomology modules of Rees algebra of multigraded filtrations
Let R = n∈N s R n be a standard N s -graded Noetherian ring defined over a local ring (R 0 , m) and M n be a finitely generated N s -graded R-module.
Let a = (a 1 , . . . , a s ) ∈ Z s and J be any non-empty subset of {1, . . . , s}. Suppose [H i M (M )] n = 0 for all i ≥ 0 and n ∈ Z s such that n k > a k for at least one k ∈ J.
Proof. Consider a group homomorphism φ :
Let S = (R φ ) 0 and N be the maximal homogeneous ideal of S. Therefore (R φ ) N is an N-graded ring defined over the local ring S N and ((M J ) φ ) N is the irrelevant ideal of (R φ ) N . Then for all i ≥ 0 and 
Using induction on k, we get [H i+1 M I,J (M )] n = 0 for all i ≥ 0 and n ≥ a + e and using induction on r, we get [H i
n for all i ≥ 0 and n ≥ a + e. For R ++ , we take I = {1, . . . , s − 1} and J = {s}.
Let R = n∈N s R n be a standard N s -graded Noetherian ring defined over a local ring (R 0 , m) and let M be the maximal homogeneous ideal of R. Let M = n∈Z s M n be a finitely generated Z s -graded R-module. For all i = 1, . . . , s, define [7] the a-invariants of M as
Put a(M ) = (a 1 (M ) , . . . , a s (M )). We recall the following result. 
where n = (n 1 , . . . , n s ). 
where n = (n 1 , . . . , n s ). Thus from part (1) we get the required result. M n be a finitely generated Z s -graded R-module. Let a ∈ R m be an M -filterregular where m = 0. Then for all n ∈ Z s and i ≥ 0, the following sequence is exact
Proof. Consider the following short exact sequence of R-modules
Since a is M -filter-regular, (0 : M a) is R ++ -torsion. Hence
for all i ≥ 1.
Therefore the short exact sequence of R-modules
gives the desired exact sequence.
Lemma 3.7. Let R = n∈N s R n be a standard N s -graded Noetherian ring defined over a local ring
Proof. We use induction on l. Let l = 1. By Lemma 3.6, for all i ≥ 0, we get the exact sequence
Since for all i ≥ 0 and n ≥ m + e j , [H i Since a l is N -filter-regular, using l = 1 case, we get
R n be a standard N s -graded Noetherian ring defined over a local ring
. . , a jq j ∈ R e j for all j = 1, . . . , s such that a 11 , . . . , a 1q 1 , . . . , a s1 , . . . , a sqs be an M -filter-regular sequence. Then M/(a 11 , . . . , a 1q 1 , . . . , a s1 , . . . , a sqs )M satisfies Hyry's condition H R (M/(a 11 , . . . , a 1q 1 , . . . , a s1 , . . . , a sqs )M , m + q).
Proof. Define N 0 = M and N j = N j−1 /(a j1 , . . . , a jq j )N j−1 for all j = 1, . . . , s. Since a j1 , . . . , a jq j ∈ R e j is an N j−1 -filter-regular sequence for all j = 1, . . . , s, by Lemma 3.7, we get the required result. 
Proof. By Proposition 3.8, we get
for all i ≥ 0 and n ≥ m + q. Since {a ij ∈ I i : j = 1, . . . , q i ; i = 1, . . . , s} is a joint reduction of F,
.
Hence for all n ≥ m + q, we have
Now for all k ≥ 0 and n ≥ m + q,
Since F is an I-admissible filtration, by [12] , for each i = 1, . . . , s, there exists integer r i ∈ N such that for all n ∈ N s , where n i ≥ r i , we have F(n + e i ) = I i F(n). Let r = max{r i : i = 1, . . . , s}. Therefore
Hence by using Nakayama's Lemma, from the equality (3.9.1) we get the required result. Proof. Denote R ′ (F)/R ′ (F)(e) by G ′ (F). Consider the short exact sequence of R(I)-modules
This induces the long exact sequence of R-modules
Hence by [10, Proposition 4.2] and change of ring principle, we get the required result. 
a ij F(n − e i ) for all n ≥ q and , . . . , a * s1 , . . . , a * sqs is a G(F)-filter-regular sequence where a * ij is the image of a ij in G(I) e i for all j = 1, . . . , q i , i = 1, . . . , s. Hence by Theorem 3.9, for all n ≥ q, Note that A = {X, Y } is a joint reduction of (I, J) of type e and
Thus jr e (F) = jr Ae (F) = 0. Suppose I n is complete for all n ∈ N s such that 1 ≤ |n| ≤ d − 1. Then I n is complete for all n ∈ N s with |n| ≥ 1.
Proof. We use induction on |n|. By given hypothesis the result is true upto 1 ≤ |n| ≤ d − 1. Suppose n ∈ N s with |n| ≥ d and the result is true for all k ∈ N s such that 1 ≤ |k| < |n|. Let m = (m 1 , . . . , m s ) ∈ N s such that m ≤ n and |m| = d. Consider the filtration F = {I n } n∈Z . By [12] , F is an I-admissible filtration. Then by Theorems 2.4 and 3.9, there exists a joint reduction {a ij ∈ I i : j = 1, . . . , m i ; i = 1, . . . , s} of F of type m such that
a ij I r−e i for all r ≥ m.
a ij I n−e i . By induction hypothesis, I n−e i is complete for all i ∈ A := {i|n i ≥ 1}.
As a consequence of the above theorem we obtain a generalisation of a theorem of Reid, Roberts and Vitulli [13, Proposition 3.1] about complete monomial ideals. Therefore S satisfies Hyry's condition H Q (S, 0) where Q = W −1 R(I). Replace R by W −1 R. Therefore by Theorem 3.13, W −1 (I n ) is complete for all n ∈ N s such that |n| ≥ 1. Since m is the maximal homogeneous ideal of R and W −1 I n /I n = 0, we get the required result.
We end the paper with three examples illustrating some of the results proved above. 
